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Abstract— The basic unit of quantum information content is qubit which is usually a two level quantum system. Among the various two 

qubit gates, the exchange gate, otherwise known as SWAP gate is very fundamental. Extension of quantum operations from two level 

(qubit) to any arbitrary dimensional level (qudit) is important but not straightforward. The circuit constructions of qudit SWAP operation 

using various qudit gates are known. In this work, equivalence of some important qudit operations is illustrated. Such equivalence may be 

exploited to minimize the circuit complexity in the previously proposed qudit SWAP gate constructions.  

Index Terms—  Circuit complexity, Circuit equivalence, Qubits, Qudits, SWAP gate 

 

——————————      —————————— 

1 INTRODUCTION       

Quantum bit, shortly known as qubit, is the basic unit of quan-
tum information processing. Any two level quantum mechani-
cal system can be regarded as a qubit. For instance, two level 
atoms, spin states of particles and polarizations of photon are 
all legitimate candidates for qubits [1]. Qubits are manipulated 
by quantum operations which are also known as qubit gates. 
Importantly, two qubit operations are fundamental in the con-
struction of universal quantum circuits [2]. Some well known 
two qubit gates are Controlled NOT, shortly  and 

.  
In general, quantum information processing is possi-

ble with arbitrary   dimensional Hilbert space associated 
with quantum systems. In such a case, basic information pro-
cessing unit is qudit. Sometimes, it is worth studying the 
quantum operations for qudit systems. However, the exten-
sion of two-qubit operation to qudit operation is not always 
straightforward. A typical example is the implementation of 

 operation in the qudit setting.  
In this work, we have shown the existence of equiva-

lence between some of the qudit gates. These gates are the 
generalization of  operation at the qudit level. Notably, 
these qudit gates are proposed with the aim to implement 
qudit  operation [3], [4], [5], [6], [7]. The identified 
equivalence of qudit gates gains its significance in proposing 
new qudit  constructions.  
 
 
 2 QUDIT OPERATIONS 
  
We first introduce important two-qubit gates, namely  
and . While the former gate performs the  opera-
tion depending upon the control qubit, the latter gate inter-
changes the input states. Notably, a sequence of three   
 

 
 
gates can implement  operation [1]. One of the qubits 
of  gate is known as control and the other qubit is tar-
get. Whenever the control qubit is in  state, the target qubit 
changes its value from  to  or from  to . The 

 operation is given by  
         

.                       (1) 
 

where the symbol  represents the addition modulo two. The 
circuit symbol for  is shown in Fig. 1(a) where the dot 
represents the control and the symbol  represents the target. 
The  gate interchanges the input states, say  and 

. The action of  is given by  
         
  .                 (2) 
 
The circuit symbol for two-qubit  gate is shown in Fig. 
1(b). Note that the input states can be of  dimensional as 
well, in that case we have qudit  operation.  
 
    (a)        
 
 
 
 
 
 
 
 
   (b) 
 
 
 
 
 
 
 
Fig. 1 Two-qubit gates. (a)   (b) . 

Now we introduce some qudit gates which are the 
generalizations of qudit  operation. Among the various 
versions,  is the widely used and its operations is given 
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by  
                (3) 
 
with a modulo  addition. We consider addition and subtrac-
tion operations for modulo . The inverse of above operation 
is  
                                           (4) 
 
with modulo  subtraction. It is worth noting that 

, implying the gates are not Hermitian. This is 
the main issue in the qudit generalization of . It is im-
portant to mention that both   and  are necessary to 
perform qudit  operation [3], [5], [6]. With the aim to 
have Hermitian qudit  operation,  is introduced 
[8]. The action of  is defined as 

              (5) 
 
A new Hermitian qudit operation,  is defined in [9]. The 
action of  gate is given below: 
         
              (6) 

Note that a much simpler circuit for qudit  gate can be 
constructed using  gate [9]. Apart from these gates, we 
have 

               (7) 
This gate provides modulo  complement of the input state.  

3  MAIN RESULT 
The main result of this work is identifying the equivalence of 
the qudit gates introduced in the previous section. The equiva-
lence can be checked by the action of the gates on the input 
states  and  of arbitrary dimension . In the following, 
the subscripts  and  represent the control and target qudits 
respectively. 
                                                      (8) 

         
                       (9) 

                                                 
                     (10) 

 
                                                     (11) 

       
          (12) 

       
          (13) 

       
          (14) 

       
          (15) 

 
The proposed equivalence suggests that wherever the specific 
combinations of two qudit operations are present in a circuit 

that can be replaced by a single qudit operation. This indicates 
the possibility of reduction in the number of gates in a circuit. 
Further, using the equivalence given by (8) and (13), we can 
show that                                                              
                                                    (16) 
 
Similarly, using the equivalence given by (11) and (14) we can 
show that 

                                                            
.                     (17) 

 
From (16) and (17), it is clear that the two Hermitian qudit 
gates are related in a simple fashion. Thus, these two gates can 
be used interchangeably in the circuits. 

4  CONCLUSION 
In this work, we have illustrated the existence of equivalence 
between various qudit gates and these gates are useful in the 
construction of qudit  circuit. The identification of 
equivalence of the qudit operations can be exploited to mini-
mize the circuit complexity in the previously proposed qudit 

 gate constructions. Moreover, qudit  circuit 
with lesser number of gates can be proposed. The results of 
the work in this direction is under communication [10].    

REFERENCES 

[1] A. Galindo and M. A. Martin-Delgado, “Information and 

Compu tation: Classical and Quantum  Aspects,” Rev. Mod. 

Phys, v ol. 74, pp. 347-423, 2002. 

[2]   A. Barenco, C. H. Bennett, R. Cleve, D. P. DiVincenzo, N.  

Margolus, P. Shor, T. Sleator, J. A. Smolin, and H. 

Weinfurter,  “Elementary Gates for Quantum Computation,” 

Phys. Rev. A, vol 52, pp. 3457-3467, 1995. 

[3]   N.D. Mermin, “From Classical State Swapping to Quantum        

       Teleportation,” Phys. Rev. A, vol. 65, 012320, 6 pages, 2001. 

[4]   K. Fujii, “Exchange Gate on the Qudit Space and Fock 

Space,”   J. Opt. B: Quantum Semiclassical  Opt., vol. 5, no. 

6, pp. 613-618, 2003. 

[5]  C. Wilmott, “On Swapping the States of Two Qudits,” Int. J.  

       Quantum Inf. Vol. 9, no. 6, pp. 1511- 1517, 2011. 

[6]  C. Wilmott and P. Wild, “On a Generalized Quantum SWAP  

       Gate,” Int. J. Quantum Inf.  vol. 10,  no. 3, 1250, pp. 34-52,  

       2012. 

[7]  G. Paz-Silva, S. Rebi´c, J. Twamley, J.,T. Duty, “Perfect    

Mirror Transport Protocol with Higher Dimensional Quantum 

Chains,” Phys. Rev. Lett. Vol. 102, 020503, 4 pages, 2009. 

[8]  G. Alber, A. Delgado, N. Gisin, I.  Jex, “Efficient Bipartite 

Quan tum State Purification in Arbitrary Dimensional Hilbert 

Spaces,”   J. Phys. A: Math. Gen. vol. 34, no. 42, pp. 8821-

8834, 2001. 

[9]  Juan Carlos Garcia-Escartin and Pedro Chamorro-Posada, “A  

SWAP Gate for Qudits,” Quantum Info. Proc.  Preprint, 14 

Aug. 2013,doi: 10.1007/s11128-013-0621-x.  

[10]  S. Balakrishnan, “Various Constructions of Qudit SWAP 

Gate”, Submitted for publication. 

                                                           

 

93

IJSER




